Abstract. In this paper, we investigate the R-complex Hermitian Finsler spaces, emphasizing the differences that separate them from the complex Finsler spaces. The tools used in this study are the Chern-Finsler and Berwald connections. By means of these connections, some classes of the R-complex Hermitian Finsler spaces are defined, (e.g. weakly Kähler, Kähler, strongly Kähler). Here the notions of Kähler and strongly Kähler do not coincide, unlike the complex Finsler case. Also, some kinds of Berwald notions for such spaces are introduced. A special approach is devoted to obtain the equivalence conditions for an R-complex Hermitian Finsler space to become a weakly Berwald or Berwald. Finally, we obtain the conditions under which an R-complex Hermitian Finsler space with Randers metric is Berwald. We get some clear examples which illustrate the interest for this work.
Introduction
Riemannian geometry is based on the fundamental concept of metric that depends on each point of the manifold, and which is defined by the metric tensor g ij (x). For instance, by means of this it is possible to calculate the length of the curve c : t → x i (t) , t ∈ [a, b] ⊂ R + , which is l = dt is the tangent vector of the curve. In 1918, P. Finsler was inspired to generalize Riemann's ideas, taking F = g ij (x, y)y i y j . Of course, the first surprise was to find that in the integral, which gives the arc length of the curve, the metric tensor depends on the parameter t ∈ R. Therefore, an additional condition is required, namely the function F is homogeneous in y, meaning F (x, λy) = λF (x, y) for any λ > 0. Subsequently, the development of the Finsler geometry has been remarkable, (see for instance [1, 9, 8, 10, 14, 20, 21] , etc.).
In 1963, G. B. Rizza [17] extended the above mentioned results to the complex case, considering the function F : T ′ M → R + with the following homogeneity property F (z, λη) = |λ|F (z, η), for any λ ∈ C, where (z, η) are the coordinates in holomorphic tangent bundle T ′ M of a complex manifold M . But, this complex theory gathered momentum after that S. Kobayashi introduced the well-known Kobayashi metric which satisfies the mentioned homogeneity, (in 1967) . During the last years, a complex Finsler geometry has been developed which contains many interesting results (see [1, 2, 3, 4, 5, 6, 12, 13, 15, 18, 22, 23] , etc.).
If we account only the initial problem, in complex Finsler geometry the arc length is calculated for the curves which depend on a real parameter (c : t → z i (t) and η i = dz i dt ) and the invariance of the integral to the change of parameters is ensured only for the real parameters. This led to the idea of restricting the homogeneity of the function F : T ′ M → R + to the real scalars, i.e., F (z, λη) = |λ|F (z, η) for any λ ∈ R, (see [16] ). Although the restriction seems insignificant, the changes which arise are considerable. First of all, the indicatrix is a convex set, it is not strongly pseudo-convex. Also, L := F 2 satisfies the so called R-homogeneity condition, (of second degree, see (2.2)), instead of (1, 1)-homogeneity as in complex Finsler geometry and many others differences.
The purpose of this paper is to continue the study of the R-complex Finsler spaces and to point out others differences from the complex Finsler spaces. The present paper appears as a necessary extension of [16] , required by the already known results from real and complex Finsler geometry, (e.g. [1, 4, 5, 6, 8, 9, 10, 20, 21, 23] ).
Subsequently, we will present an overview of the content of the paper. In Section 2, some preliminary properties of the n-dimensional R-complex Finsler spaces are presented. A R-complex Finsler function L produces two tensors
The first is a symmetric one while the second is a Hermitian one. We find that the dependence of one of these tensors only on the base point of the complex manifold, implies the same property for the second (Proposition 2.1). Subsequently, we will focus only on the study of the R-complex Hermitian Finsler spaces, (meaning g ij is invertible). The instruments of our study are the Chern-Finsler and the canonical complex nonlinear connections which satisfy the R -homogeneity conditions. Also, we work with two complex linear connections: Chern-Finsler and Berwald which have specific properties.
In Section 3 we will introduce some classes of R-complex Hermitian Finsler spaces. The main theme is that of finding the correspondences between them. Namely, using some ideas from the complex Finsler case, we speak about three kinds of The general theory of the R-complex Hermitian Berwald spaces applies to the class of Randers spaces. Theorem 4.2 offers sufficient conditions for a Randers metric F = α + β to be a Berwald metric. The existence of the R-complex Hermitian Berwald spaces with Randers metrics is attested by some explicit examples.
Preliminaries
In this section, we give some preliminaries about n-dimensional R-complex Finsler geometry with Chern-Finsler and Berwald complex linear connections. We set the basic notions (for more details, see [15, 16] ), and we prove some important properties of these connections.
R-complex Hermitian Finsler spaces
Let M be an n-dimensional complex manifold and z = (z k ) k=1,n be the complex coordinates in a local chart. The complexification of the real tangent bundle T C M splits into the sum of holomorphic tangent bundle T ′ M and its conjugate T ′′ M . The bundle T ′ M is itself a complex manifold and the local coordinates in a local chart will be denoted by u = (z k , η k ) k=1,n . These are changed into (z ′k , η ′k ) k=1,n by the rules z ′k = z ′k (z) and
the equality holds if and only if
The fundamental function L of a R-complex Finsler space, induces the following tensors
∂η i ∂η j , which satisfy interesting properties, obtained as consequences of the homogeneity condition iii), [16] ,
We say that a function f on T ′ M is (p, q)-homogeneous with respect to the fibre variables η if and only if f (z k , µη k ) = µ pμq f (z k , η k ), for any µ ∈ C. This leads to ∂f ∂η j η j = pf and ∂f ∂η jη j = qf. Also, we say that f is R-homogenous of degree p in the fibre variables η if and only if
For example, L is R-homogenous of degree 2 in the fibre variables.
Moreover, we can prove:
Then, the tensor g ij depends only on position z if and only if the tensor g ij depends only on position z.
∂η i ∂η j depends only on z. This leads to
∂η j η j = 0. These last two properties mean that g ik is holomorphic and (0, 0)-homogenous with respect to η. Based on strong maximum principle, we make a similar reasoning like in [12, Proposition 1.1], for g ij . Thus, we obtain that g ij depends only on z.
Conversely
∂η i ∂η j depends only on z, then its complex conjugate gīj depends only on z. As above, it results that g ij depends only on z.
Hereinafter, an R-complex Finsler space with g ij (z) (or g ij (z)) will be called purely Hermitian.
Having an R-complex Finsler space, if we suppose that F satisfies the regularity conditions: g ij is nondegenerated, (i.e., det(g ij ) = 0, in any u ∈ T ′ M ), and it defines a positive definite Levi-form for all z ∈ M , then such a class of spaces is called an R-complex Hermitian Finsler space [16] .
Consider the sections of the complexified tangent bundle of
The idea of complex nonlinear connection, briefly (c.n.c.), is an instrument in linearization of the geometry of the manifold
are the coefficients of the (c.n.c.), i.e., they transform by a certain rule
The pair
∂η k } will be called the adapted frame of the (c.n.c.) which obey to the change rules
Let us consider T the natural tangent structure which behaves on
, and it is globally defined (see [15] ).
is a complex spray if T •S = Γ, where Γ = η k∂ k is the complex Liouville vector field. Locally, this property of a complex spray can be expressed as follows
where the functions G k (z, η) are the local coefficients of the complex spray S. Under the changes of complex coordinates on T ′ M, the coefficients G k are transformed by the rule
Between the notions of complex spray and (c.n.c.) there exists an interdependence, one determining the other. Differentiating (2.5) with respect to η j it follows that the functions N 
Connections on an R-complex Hermitian Finsler space
A (c.n.c.) related only to the fundamental function of the R-complex Hermitian Finsler space (M, F ), (called Chern-Finsler (c.n.c.)), has the following local coefficients
Note that the Chern-Finsler (c.n.c.), locally given in (2.6), is not obtained from a complex spray. We see in the next section that it comes from a complex spray, only in a particular context. But, it induces a complex spray by (2.7)
It follows from the fact that L is R-homogenous of degree 2 in the fibre variables that Chern-Finsler (c.n.c.) (2.6) and its induced complex spray (2.7) satisfy the conditions, 
It is obvious that the Chern-Finsler (c.n.c.) and the canonical (c.n.c.) induce the same complex spray (2.7), (
Also, in an R-complex Hermitian Finsler space, we have recovered the ChernFinsler connection, ( [16] ), which is metrical, of (1, 0)-type, and it is given by (2.10)
which together with (2.8) lead to
i.e., the horizontal coefficients L 
Classes of R-complex Hermitian Finsler spaces
We set the connection form of the Chern-Finsler connection,
which satisfies the following structure equations
and their complex conjugates, where d is exterior differential with respect to the Chern-Finsler (c.n.c.). Since
the torsion forms are
Further on, it is easy to check that
Its differentiation with respect to η gives the link between the local coefficients L i jk and B i jk ,
The mixed part of the torsion form θ i vanishes in the purely Hermitian case, (i.e., C i jk = 0), and the condition θ i = 0 is equivalent to the Kähler property of such a metric, i.e., ∂gjm ∂z i = ∂gim ∂z j . But in the non-purely Hermitian case, the situation is a bit subtler because the torsion form θ i has horizontal and mixed parts.
In complex Finsler geometry, accordingly to [1] , there are three kinds of Kähler properties. This fact suggest us to introduce the similar notions on the R-complex Hermitian Finsler spaces. Therefore, we have: 
Thus, by Theorem 3.2 and (3.5), Proof. We contract the relation (3.3) with g imη m and then, we obtain (3.6) (
Using (3.5), we have
So, by (3. depends only on z. Moreover, in this case,
Proof. We first suppose that
jr and, by complex conjugation we have∂kBī jr = 0, which means that Bī jr are holomorphic and (0, 0)-homogeneous in the fibre variables η. Due to the strong maximum principle, we obtain that Bī jr depends only on z. So, the complex conjugation of the coefficients Bī jr also depend only on z.
Conversely, if
This implies that the coefficients B i lj are holomorphic and (0, 0)-homogeneous with respect to η, and further on it results B i jk (z). Now, using (2.13), we obtain (3.8).
Taking into account (2.11), (3.3) and (3.4), by a similar reasoning as the above theorem, we prove: 
We call strongly Berwald space, an R-complex Hermitian Finsler spaces which is at the same time Berwald and Kähler. Owing to Theorem 3.1, we have proved the result. Examples of Berwald R-complex Hermitian Finsler spaces are provided firstly by the class of purely Hermitian spaces. Indeed, considering a purely Hermitian metric (i.e., g ij = g ij (z) and grm(z)) with g ij invertible, we have 
depend only on z i , i = 1, 2.
R-complex Hermitian Berwald spaces with Randers metrics
We consider z ∈ M, η ∈ T
where
with a ij = a ij (z), a ij = a ij (z), and b = b i (z)dz i is a (1, 0)-differential form. The Randers function (4.1) produces two tensor fields g ij and g ij .
In order to study the R-complex Hermitian Finsler spaces with Randers metrics, we suppose that a ij = 0. Thus, only the tensor field g ij is invertible and it is characterized by the following properties: Proposition 4.1 ( [7] ). For the R-complex Hermitian Randers space, with a ij = 0, we have
Once obtained the metric tensor of an R-complex Hermitian Randers space, it is a technical computation to give the expressions of Chern-Finsler (c.n.c.) from (2.6). Certainly, it involves some trivial calculus which lead to
Lemma 4.1. Let (M, F ) be an R-complex Hermitian Randers space, with
k are R-homogeneous polynomials in η andη of degree 1. Thus, using (4.4) we have
∂br ∂z j } = 0, which contains a rational part and an irrational part. Thus, we obtain
Contracting with b i and l i , they yield (4.5). Finally, we give some explicit examples of such R-complex Hermitian Randers metrics which are Berwald or strongly Berwald.
